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The hexagonal array encircles a maximum area with
the shortest boundary length of any equilateral polygon
array. It is a nature-preferred economical pattern, such
as a bee’s honeycomb, carbon dioxide. And it has been
widely used in optical devices such as ﬁber couplers [1],
gradient-index rods [2], photonic delay lines [3], and
cellular logic image processors [4] in optical computing.
It is a nonorthogonal periodic array that cannot be
represented by orthogonal arrays. Recently, Peng Xi
et al. [5] have studied a hexagonal array illumination
based on a phase gratings with 0 and p phase difference.
It is the unique property of the hexagonal array to give
an array illumination in this way. Also the hexagonal
array is a periodic array, so we can get the array
illumination by the fractional Talbot effects as other
periodic arrays [6–8].
The Talbot array illuminators (TAIs) are periodic
phase diffractive elements, which can be designed ande front matter r 2006 Elsevier GmbH. All rights reserved.
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ing author.
ess: ququ@mail.siom.ac.cn (W. Qu).manufactured based on the theory of the fractional
Talbot effect. Because it can effectively realize the high
speed and concurrent optical operation, TAIs have
broad applications in areas that include optical inter-
connection, optical computing and optoelectronic pro-
cessing. Lohmann [6] and Thomas [7] were among the
ﬁrst to describe array illumination based on the
fractional Talbot effect with experimental demonstra-
tions at (1/4)ZT and (1/6)ZT, where ZT ¼ 2T2/l is the
Talbot distance. After that, many researchers presented
equations which can be used to calculate the diffraction
ﬁeld at the fractional Talbot distance, such as Leger and
Swanson [8], Liu [9], Arrizon and Ojeda-Castaneda
[10,11], Zhou et al. [12,13]. But all those equations are
used to calculate the one-dimensional grating or the
two-dimensional (2D) array obtained by two orthogonal
gratings. We are interested in the study of the fractional
Talbot effect of the array that is obtained by two
nonorthogonal gratings, which is basic to the new type
array illuminator such as hexagonal array illuminator.
In Section 2, we present a mathematical description of
the hexagonal array and prove the self-image of it. In
Section 3, we analyze the fractional Talbot effect of the
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Finally, we give a calculated phase distribution in the
fractional Talbot plane of the hexagonal array with ﬁll
factor of 1/12, with which a hexagonal array illumina-
tion can be obtained.2. The Talbot effect of 2D amplitude-type
hexagonal array
As shown by Fig. 1, in the amplitude-type hexagonal
array a black hexagon corresponds to luminescence and
a white hexagon corresponds to nonluminescence.
Assuming that the amplitude transmittance of the
hexagonal array is
tðx; yÞ ¼ tcðx; yÞnjðx; yÞ, (1)
where




















is the amplitude transmittance of the hexagonal cell, the
length of the hexagonal lateral is d/2,













is the lattice-generating function, which can generate an









x y ¼ 0,  denotes the
convolution operation.
The amplitude-type hexagonal array is normally
illuminated by a unit-amplitude plane wave. We use
the Fresnel transform formula to evaluate the amplitude
distribution of the observation plane at distance z. The
Fresnel transform of a two-dimensional (2D) function is
deﬁned by a convolution with a scaled quadratic phase
function
f ðx; y; zÞ ¼ exp jkzð Þ
jlz
tcðx; yÞnDðx; yÞ, (2)
where D(x, y) ¼ j(x, y)h(x, y), h(x, y) ¼ exp[jp(x2+
y2)/lz] is the optical transfer function in the Fresnel







Fig. 1. The generation of the 2D hexagonal array,  denotes
the convolution operation.Fourier series of delta function, so j(x, y) is















































According to convolution theorem and the property of
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We deﬁne a new function as




and n2 þm2 mn
is integer. The inverse Fourier transform in Eq. (3) can
be evaluated using the Fourier series expression for delta
function. Hence D(x, y) becomes
























 ej2pðf xxþf yyÞ df x df y. ð4Þ
Evaluate the integration of Eq. (4), ﬁnally we can obtain
the expression of D(x, y) as follows:














x ymT Þ, ð5Þ
Obviously, if z ¼ lT2/2l, l is integer, we can obtain the
following terms:














x ymT Þ. ð6Þ
It is a spot array same as the spot distribution described
by function j(x, y). Therefore, the Talbot distance of the
amplitude-type hexagonal array is zT ¼ T2/2l, where T





Fig. 3. The amplitude-type hexagonal array with ﬁll factor
1/4(a), simulation of the Talbot image at distance zT ¼ T2/
2l(b), and the fractional Talbot images at distance z ¼ T2/
3l(c), z ¼ T2/4l(d), z ¼ T2/6l(e), l ¼ 633 nm.
(d) (f)(e)
(a) (c)(b)
Fig. 4. The amplitude-type hexagonal array with ﬁll factor
1/6(a), simulation of the Talbot image at distance zT ¼ T2/
2l(b), and the fractional Talbot images at distance z ¼ T2/
2 2 2
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In order to getting the phase plate to implement the
hexagonal array illumination, we must ﬁnd a fractional
Talbot plane with uniform image. In another
word, there is equal amplitude but unequal phase
distribution of the waveﬁeld in the plane. The
length of the cell’s lateral and the period of the whole
array must obey the superposition theorem [14].
A double-wedge unit is taken out of the hexagonal
array, as shown by Fig. 2. Comparison of this three
hexagonal array unit tell us that only when the relation
d:T ¼ 2:3k between d and T is satisﬁed, a tightly
arranged hexagonal array can be obtained, where k is
a nonzero positive integer, d is two times of the length of
the hexagonal cell’s lateral, T is the period of the
hexagonal array in the direction that parallel to the lineﬃﬃﬃ
3
p
xþ y ¼ 0.
The analytical mathematical operation of the frac-
tional Talbot effects of the hexagonal array is very
difﬁcult. Use the mathematical description of the
hexagonal array given by Section 2, we simulate the
Talbot and the fractional Talbot effect of two ampli-
tude-type hexagonal arrays with different ﬁll factor
(deﬁned as the ratio of the area of luminescence and the
whole area of the unit). The Talbot image and fractional
Talbot images of the amplitude-type hexagonal array
with a ﬁll factor of 3/16 is shown by Fig. 3. Fig. 3(a) is
the amplitude-type hexagonal array. Fig. 3(b) is the
Talbot image at distance zT ¼ T2/2l. There are edge
effects due to the limited computation boundary.
Fig. 3(c) and (d) is the fractional Talbot images that
no overlap occurs. As analysis above, we cannot obtain
the fractional Talbot image with equal intensity
distribution.
We investigate the amplitude-type hexagonal array
with a ﬁll factor of 1/12 shown by Fig. 4(a). We can
obtain only one fractional Talbot image with equal
intensity and unequal phase distribution shown by
Fig. 4(f) at distance z ¼ T2/12lUd/2 
T 
(a) (b) (c)
Fig. 2. Double-wedge unit of the hexagonal array with
d/T ¼ 2/3(a), d/T ¼ 1/2 (b), d/T ¼ 1/3(c).
3l(c), z ¼ T /4l(d), z ¼ T /6l(e), z ¼ T /12l(f), l ¼ 633 nm.4. Implementation of the hexagonal array
illumination
The phase distribution in the fractional Talbot plane
at distance z ¼ T2/12l is shown by Fig. 5(a). In order to
giving a clearer observation, we take a unit same as the
double-wedge unit of the hexagonal array out of the
whole phase distribution and mesh it. There are obvious
bulges and sags at a certain regular. It likes a binary-
optics phase plate with two phase levels. Using a unit-
amplitude plane wave normally illuminates the phase
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Fig. 5. The phase distribution in the plane at distance z ¼ T2/
12l(a), a unit of three-dimensional phase distribution (b),
l ¼ 633 nm.
(a)
(c)
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(b)
Fig. 6. The hexagonal array illumination with ﬁll factor 1/6
(a) obtained by the phase distribution shown by Fig. 5(a), the
curve of the transverse intensity shown by the white doted line
(b), the curve of the vertical intensity shown by the white
doted line (c), l ¼ 633 nm.
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with a ﬁll factor of 1/12 as shown by Fig. 6(a) at distance
z ¼ T2/12l behind it. The curve of the transverse and
vertical intensity indicated by the white doted line of the
illumination is shown by Fig. 6(b) and (c), respectively.
It is obvious that the hexagonal array illumination is
located at the same place as the original amplitude-type
array. But the intensity is more than 12 times of that of
the original array. In the paraxial approximation, the
technique is 100% efﬁcient for an inﬁnite array. For a
ﬁnite array, , there is a slight distortion occurring in the
apertures close to the edge and a small amount of power
is deposited outside the array. But the theoreticalefﬁciency of this effective two-dimensional array illumi-
nator is up to 96%.5. Conclusions
The mathematic description of the amplitude-type
hexagonal array in this paper is available for computer
simulation. According to the fractional Talbot effect
simulation results, the implementation of the hexagonal
array illumination based on the fractional Talbot effect
only ﬁts for the hexagonal array with ﬁll factor of 1/(3k),
where k is a nonzero positive integer. Phase plate can be
obtained from the calculation of the fractional Talbot
image of the amplitude-type hexagonal array. The
theoretical efﬁciency of the obtained array illuminator
is up to 96%.Acknowledgements
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